The generalized Landau-de Gennes theory for uniaxial and biaxial nematic liquid crystals is analyzed using tensor analysis. In this way all terms allowed by symmetry appear in the free-energy expression. This improves the quantitative shortcomings of the commonly used theory. It appears that uniaxial nematic liquid crystals are described by 12 independent generalized elastic terms and that biaxial nematic liquid crystals are described by 48 independent generalized elastic terms. For practical purposes, several approximations based on symmetry arguments are discussed. The theory is applied to describe the variation in order and orientation near a surface. The relevance of the theory to the debate on the surface elastic constant K 13 is pointed out.
I. INTRODUCTION
More than two decades ago, de Gennes applied the Landau theory of second-order phase transitions ͓1,2͔ to the firstorder isotropic-uniaxial nematic phase transition ͓3͔. This Landau-de Gennes theory proved to be useful for the description of other phase transitions as well, e.g., the isotropic-biaxial nematic transition and the uniaxial nematic-biaxial nematic transition ͓4,5͔. The influence of spatial variations of the local order parameter is taken into account in the generalized Landau-de Gennes theory ͑GLGT͒ ͓6-9͔. This GLGT naturally combines Landau theory with orientational elasticity theory, as the local order of a nematic liquid crystal is determined by an amplitude ͑which describes the ''degree'' of order͒ and an orientation. Therefore, the GLGT can be used to describe phenomena which cannot be satisfactorily described by the original Landau-de Gennes theory and elasticity theory separately. Such phenomena are expected when both the degree of order and the orientation are important, as is the case with, e.g., phase transitions in confined geometries and wetting phenomena ͓10-14͔, surface-induced bulk alignment ͓15-17͔, and disclinations ͓18,19͔.
In contrast to its wide application, the GLGT is clearly limited from a quantitative point of view, as the GLGT expression for the free-energy density of orientational deformations is not identical to the ones that are well known for either uniaxial ͓20-24͔ or biaxial ͓25-30͔ nematic liquid crystals. For example, according to the GLGT known from the literature ͓3,6-9͔, the Frank elastic constants ͓22͔ for splay, twist, and bend K 11 , K 22 , and K 33 , respectively, satisfy the relations K 11 ϭK 33 ϾK 22 ,
where Q 1 is the scalar order parameter. In general these relations do not hold: the degeneracy of K 11 and K 33 is removed when the Landau-de Gennes expansion is extended to third order in Q 1 ͓31͔. Apparently, the presently known GLGT is an approximation of a more complete theory. The aim of this paper is to investigate this complete theory. Our analysis is based on symmetry principles only. In this way, all effects that are allowed by symmetry are incorporated in the theory. Moreover, the physical assumptions underlying the commonly used approximate GLGT become quite clear in the present analysis. This paper is organized as follows. For the sake of clarity the main concepts are reviewed in Sec. II. The symmetries of the different nematic phases and the corresponding tensor order parameters are discussed and the general expressions for the Landau free-energy density and the elastic freeenergy density are given. Special attention is paid to the distinction between the surface free-energy density and the bulk free-energy density. In Sec. III the GLGT of uniaxial and biaxial nematic liquid crystals is presented. We derive the most general free-energy expression that is allowed by symmetry and discuss various approximations based on approximate symmetries. The GLGT known from the literature is obtained when the symmetry is approximately isotropic. In Sec. IV the theory is applied to the coupled variation of the order parameters and the orientation close to a surface that favors an ordering of the nematic liquid crystal different from the thermodynamically stable ordering. The result is directly related to the debate on the surface elastic constant K 13 . The paper is concluded in Sec. V by a short summary of the main results.
͑1͒
where T may represent the magnetic susceptibility tensor or the dynamic dielectric tensor ⑀() at a standard frequency . The factor G is an arbitrary normalization constant. For convenience, we choose GϾ0 and having dimensions such that Q becomes dimensionless.
The tensor order parameter Q being real, symmetric, and of zero trace, can be written in the following diagonal form in a suitably chosen local frame of orthogonal eigenvectors "l(r),m(r),n(r)…:
The representation of the tensor order parameter in the space-fixed frame (e x ,e y ,e z ) reads
where we have used the definitions
and the completeness of the set of eigenvectors
The nematic phase with the highest symmetry is the uniaxial nematic phase N u , which has a continuous rotational symmetry around a unique axis. This symmetry axis is thought to coincide with the eigenvector n. The two eigenvectors l and m are degenerate. The order of the N u phase with respect to the isotropic phase is described by the uniaxial tensor order parameter
͑6͒
The N u phase is nonchiral, i.e., symmetric under spatial inversion, and nonpolar, i.e., the states described by n and Ϫn are indistinguishable. The chiral variant of this phase is the cholesteric or chiral nematic N u * phase.
A nematic phase with lower symmetry is the biaxial nematic phase N b . Here the continuous rotational symmetry around n is also broken: the two eigenvectors l and m are no longer degenerate. The order of the N b phase with respect to the isotropic phase is described by the full tensor order parameter ͑3͒. The chiral variant of this phase is denoted as N b * .
The N b phase is more ordered than the N u phase. The order of the N b phase with respect to the N u phase is described by the biaxial tensor order parameter Q b , which is obtained by subtracting both the isotropic and the uniaxial part of the tensor T,
Recently, a tensor order parameter with nonzero trace has been used by Tolédano et al. ͓32͔ in order to describe the phase diagrams of lyotropic nematic and lyotropic cholesteric systems. The additional scalar order parameter that is thus introduced describes a change in the shape of the micelles that constitute the lyotropic system.
The properties of polar liquid crystals have been systematically descibed by Longa and Trebin ͓33͔ using the traceless, symmetric tensor order parameter Q ␣␤ together with a polar field P ␣ . When P ␣ ϭ0, the GLGT expression known from the literature is obtained.
In the following, we confine ourselves to nonpolar, thermotropic nematic and cholesteric liquid crystals with uniaxial and biaxial symmetries. The uniaxial systems are descibed by the uniaxial tensor order parameter Q u . The biaxial systems can be descibed by the total tensor order parameter Q, but sometimes a description in terms of two separate tensor order parameters Q u and Q b is more appropriate. This distinction between a separate uniaxial and biaxial tensor order parameter, which, to our knowledge, has not been made before, is of importance when discussing the different approximations to the GLGT presented in Sec. III. When the distinction is not made and only the total tensor order parameter Q is used, the GLGT known from the literature is obtained.
B. The Landau free-energy density
Consider an arbitrary thermodynamic system that is characterized by a uniform temperature T, a uniform pressure p, and some tensor order parameter O ␣␤ (r). Such a system can be described by the so-called Landau free-energy density g L , which is a function of the temperature T, the pressure p, the local order parameter O ␣␤ (r), and its spatial derivatives of all orders, denoted as ‫ץ‬ ␣ (n) O ␤␥ (r). For sufficiently smooth variations of the order parameter, the Landau freeenergy density can be expanded in powers of the spatial derivatives of the order parameter. Usually only terms that are linear in the first-order derivatives, terms that are quadratic in the first-order derivatives, and terms that are linear in the second-order derivatives are taken into account,
where g L,u "O(r),T,p… denotes the Landau free-energy density of the system when the order parameter is uniform. The other terms in the expansion describe the elastic free-energy density. 
where g 0 denotes the Gibbs free-energy density of the higher symmetric O ␣␤ ϭ0 phase. The tensors k, K, and K can be expanded as well:
It is important to note that the tensors Z, A, B, C, k 0 , K 0 , K 0 , . . . have the symmetry of the higher symmetric (O ␣␤ ϭ0) phase. They are functions of the temperature T and pressure p.
C. Surface terms
A number of terms appearing in expansion ͑8͒ of the Landau free-energy density can be written in the form of divergences. These terms are called ''surface terms,'' as they only contribute to the surface free energy according to Gauss's theorem. The remaining terms in expansion ͑8͒ are referred to as ''bulk terms.'' In the thermodynamic limit the contribution of the surface terms to the total free energy is negligible compared to the contribution of the bulk terms. In this section, we derive the general form of the surface terms that occur in expansion ͑8͒.
By definition, the general form of a surface term is
where S can be any vector function of the order parameter and its spatial derivatives. Expanding this function in powers of the spatial derivatives,
one finds that the two lowest-order terms comprise all the surface terms in Eq. ͑8͒:
We note that surface terms of the form ͑13a͒ are absent in the uniaxial and biaxial nematic phases, due to the nonpolar character of these phases. For surface terms of the form ͑13b͒, we make a distinction between symmetric and antisymmetric surface terms, as in Ref. 
III. THE GLGT OF NEMATIC LIQUID CRYSTALS

A. Uniform systems: Phase transitions
The I-N u phase transition may be described by an expansion of g L,u in powers of the uniaxial tensor order parameter Q u . The tensors that appear in this expansion must have the symmetry of the isotropic (Q u ϭ0) phase, i.e., these tensors are combinations of scalars s, Kronecker deltas ␦ ␣␤ , and products p ␣␤␥ of a pseudoscalar p with the Levi-Civita symbol ␣␤␥ ͑which is a pseudotensor͒. The tensor p ␣␤␥ does not appear in the expansion of g L,u , as all tensors in this expansion must have an even number of indices ͓see Eq. ͑9͔͒. In fact, the general expansion requires only the two lowest-order contractions of the tensor order parameter ͓4,8,33͔,
which gives rise to the well-known expression for the Landau expansion near the I-N u transition,
where the expansion up to Q 1 4 suffices to describe the experimentally observed first-order phase transition. The coefficients A,B,C, . . . and the free-energy density of the isotropic phase g iso are smooth functions of T and p. A discussion of the I-N u transition and the Landau expansion ͑15͒ can be found in, e.g., Refs. ͓6-9͔.
The I-N b phase transition is described by an expansion of g L,u in powers of the full tensor order parameter Q. All tensors that appear in this expansion must have the symmetry of the isotropic (Qϭ0) phase. The general expansion requires only the two lowest-order contractions of the full tensor order parameter ͓8͔, A simplified expansion with CϾ0, EϾ0, and DϭEЈϭ0 has been studied by Gramsbergen et al. ͓8͔. de Gennes and Prost ͓6͔ discuss a slightly more general expansion with CϾ0, EϾ0, D 0, and EЈϭ0. In both cases, a second-order I-N b transition is described for Bϭ0. For all other values of B, the direct I-N b transition does not exist, but is replaced by I-N u and N u -N b transitions. Clearly, the expansion ͑17͒ is not appropriate to describe these successive transitions, as it is based on the symmetry breaking at a direct I-N b transition. Expansion ͑17͒ can be seen as an approximation of a more general expansion, the approximation being valid close to a direct I-N b transition.
The N u -N b transition is properly described by an expansion of g L,u in powers of the biaxial tensor order parameter Q b . The tensors that appear in this expansion must have the symmetry of the uniaxial (Q b ϭ0) phase, i.e., these tensors are combinations of s, ␦ ␣␤ , p ␣␤␥ , and N ␣␤ . The expansion reads
where g uni denotes the Landau free-energy density of the uniaxial phase. This free-energy density g uni and the coefficients A, C, E, . . . are functions of Q 1 , T, and p. Although Eq. ͑18͒ suffices for a description of the N u -N b transition, one can expand this expression further, either with respect to the isotropic phase or with respect to the uniaxial phase.
In the first case, g L,u is expanded in powers of both
where g iso , the Gibbs free-energy density of the isotropic phase, and the tensors Z u , Z b , . . . depend on T and p. Using isotropic tensors, we find
which is the general expansion for a description of successive I-N u and N u -N b transitions. In the second case, g L,u is expanded in powers of Q b and ␦Q u ϵQ u ϪQ u, † , where Q u, † is the equilibrium tensor order parameter describing a uniform uniaxial phase at a suitably chosen temperature T † and pressure p † . Using an expansion analogous to Eq. ͑19͒, but now with uniaxial tensors, we find
It should be remarked that the uniaxial symmetry allows for an additional term linear in ␦Q 1 . However, Z 1 must be zero at TϭT † and pϭp † since we have defined Q 1 † to be the equilibrium value of Q 1 at this temperature and pressure.
Summarizing, we have demonstrated how an approximate expression for the free-energy density of a nematic phase can be obtained by an expansion with respect to a higher symmetric phase. For uniaxial nematic liquid crystals, this is an expansion with respect to the isotropic phase ͓Eq. ͑15͔͒. For biaxial nematic liquid crystals, three different approximations can be used: a direct expansion with respect to the isotropic phase ͓Eq. ͑17͔͒, an indirect expansion with respect to the isotropic phase through an intermediate uniaxial nematic phase ͓Eq. ͑20͔͒, and an expansion with respect to the uniaxial nematic phase ͓Eq. ͑21͔͒.
B. Nonuniform systems: Elasticity
For nonuniform systems with a smoothly varying order parameter, the Landau free-energy density g L can be expanded in powers of the spatial derivatives of the order parameter, as in Eq. ͑8͒. The terms in that expansion that contain only the spatial derivatives of the directors "l(r),m(r),n(r)… describe the orientational elasticity of the system. In the generalized elasticity theory, there are also terms that contain only spatial derivatives of the scalar order parameters "Q 1 (r),Q 2 (r)…, which describe the order elasticicity, and terms that contain both types of derivatives ͑mixed terms͒.
In the following, the general expressions for the generalized elastic free-energy density of a uniaxial nematic liquid crystal and of a biaxial nematic liquid crystal are given, where we distinguish between surface elastic terms and bulk elastic terms, as defined in Sec. II C. We further derive approximate expressions for the generalized elastic free-energy density by making expansions with respect to higher symmetric phases.
Uniaxial nematic liquid crystals
The contribution of the elastic free-energy density to the Landau free-energy density g L of the uniaxial nematic phase is obtained by substituting expression ͑6͒ for the uniaxial tensor order parameter Q u in expansion ͑8͒ of g L . The appearing tensors k, K, and K must have the symmetry of the uniaxial phase. All independent elastic terms are found by forming all possible combinations of the tensors with uniaxial symmetry, i.e., combinations of s, ␦ ␣␤ , p ␣␤␥ , and
We find eight independent bulk terms and four independent surface terms, which can be classified further as four orientational elastic terms, two order elastic terms, two mixed terms, one antisymmetric surface term, and three symmetric surface terms. In terms of the usual vector notation, the elastic free-energy density
is given by
where all elastic constants are functions of Q 1 (r), T, and p. In most literature on orientational elasticity, the elastic constants K 1 u , K 2 u , and K 3 u are referred to as K 11 /2, K 22 /2, and K 33 /2, respectively. The surface elastic constants S 1 u and S 4 u are related to the surface elastic constants K 24 and K 13 , as defined by Nehring and Saupe ͓24͔. As can be seen from the terms corresponding to K 6 u and K 7 u , a gradient in the order parameter will induce a combined splay-bend deformation of the director field.
It is important to note that the elastic term k u n•("ϫn) only appears in the cholesteric N u * phase since it changes sign under spatial inversion. Remarkably, the property of chirality only introduces an orientational elastic term and no chiral order elastic terms. This can be understood as follows. A chiral order elastic term is proportional to n•"Q 1 . Clearly, such a term is forbidden in case of a nonpolar nematic liquid crystal, i.e., a nematic liquid crystal that is symmetric under the substitution n→Ϫn.
The elastic free-energy expression known from the literature is obtained as an approximation of the general expression presented here. The approximation is based on an expansion with respect to the isotropic phase ͑see Sec. III A͒, i.e., the elastic tensors are expanded as in Eqs. ͑10͒. The resulting tensors k 0 , K 0 , and K 0 have the symmetry of the isotropic phase.
It appears that the elastic free-energy density in this lowest-order approximation can be written in the form of two independent bulk elastic terms, one antisymmetric surface term, and one symmetric surface term. All terms are ''mixed'' elastic terms
͑24͒
Note that, e.g., the K 1 i term is not simply the lowest-order approximation to the K 1 u term in Eq. ͑23͒. Nevertheless, there are relations between the ''isotropic'' and the ''uniaxial'' elastic constants, which can be found by substituting the expression for Q u into Eq. ͑24͒. As follows from Table I the isotropic approximation entails the results K 11 ϭK 33 ϾK 22 , ͑25a͒
In some cases this may be a reasonable approximation. In general, however, Eqs. ͑25͒ will not be valid. In that case the isotropic approximation cannot be expected to give a quantitatively correct description and one should resort to the general expression ͑23͒ presented here.
Biaxial nematic liquid crystals
The elastic free-energy density g L,el of the biaxial nematic phase is obtained by substituting expression ͑3͒ for the full tensor order parameter Q in Eq. ͑8͒. The appearing tensors k, K, and K must have the symmetry of the biaxial phase. Thus all independent elastic terms are found by forming all possible combinations of biaxially symmetric tensors, i.e., combinations of s, p ␣␤␥ , L ␣␤ , M ␣␤ , and N ␣␤ ͓the Kronecker ␦ can be left out due to the completeness relation ͑5͔͒.
The elastic free-energy density of a nonchiral ͑chiral͒ biaxial nematic liquid crystal is described by 33 ͑36͒ bulk terms and 12 ͑12͒ surface terms. These are given in the Tables III and IV at the end of this section. In these tables we have used the following notation for the invariants that describe orientational deformations ͓30͔:
where the matrix elements R i␣ with iϭ1,2,3 and ␣ϭx,y,z define the local frame (l,m,n) with respect to the space-fixed frame (e x ,e y ,e z ),
mϭR 2␣ e ␣ , ͑27b͒
Explicit ͑vector͒ expressions of the invariants D i j can be found in Ref.
͓30͔. The appearing chiral terms are orientational elastic terms; chiral order elasticity is also absent here. Of the other bulk terms, 12 are orientational elastic terms, nine are order elastic terms and the remaining 12 are mixed terms. There are three antisymmetric surface terms and nine symmetric surface terms. Clearly, the number of independent elastic constants is too large to be experimentally accessible. For that reason, sensible approximations are needed. Instead of postulating ad hoc approximations, we propose three possible approxi-TABLE I. Bulk elastic terms for the uniaxial nematic phase. The ''uniaxial'' elastic constants are functions of the uniaxial order parameter, temperature, and pressure. Near the isotropic phase, the elastic constants can be approximated by the expressions in the last column. The ''isotropic'' elastic constants K 1 i and K 2 i are functions of temperature and pressure only.
mations, all based on symmetry arguments. These approximations are similar in character to the quasi-uniaxial approximation proposed for smectic-C* liquid crystals ͓34͔. The first approximation is the isotropic approximation commonly used in the literature. The approximate elastic free-energy expression is obtained by expanding the Landau free-energy density g L in powers of the full tensor order parameter Q and its spatial derivatives. The expansion of g L,u is given in Eq. ͑17͒, whereas the elastic tensors are expanded according to Eqs. ͑10͒. Taking into account only the lowest-order terms, the elastic free-energy density can be approximately described by two bulk elastic terms and two surface terms, as in the uniaxial case:
͑28͒
The starting point of the other two approximations is an expansion of the Landau free-energy density in which the uniaxial and the biaxial tensor order parameter are treated as independent order parameters:
where g L,u and the tensors k u , k b , . . . are defined with respect to the biaxial phase. The general form of the elastic free-energy density of the ͑chiral͒ biaxial phase is obtained by substituting all possible combinations of biaxial tensors in the tensors of expansion ͑29͒. Obviously the same three chiral bulk elastic terms, 33 bulk elastic terms, and 12 surface terms are obtained as when using Eq. ͑8͒ ͑see Tables III and  IV͒. The elastic tensors in Eq. ͑29͒ can be expanded with respect to the isotropic phase or with respect to the uniaxial phase. The expansion with respect to the isotropic phase will be treated first. The elastic terms are expanded according to, e.g.,
where all appearing tensors ͑like k
) have the symmetry of the isotropic phase. Taking into account only the lowestorder terms, we find that, in this approximation, the elastic free-energy density is described by 6 independent bulk elastic terms and 5 independent surface elastic terms
where the isotropic elastic constants K i and S i are functions of T and p. This so-called indirect isotropic approximation contains the isotropic approximation ͑28͒ in the limiting case
Finally, we can also expand Eq. ͑29͒ with respect to the uniaxial nematic phase. The expansion of g L,u is given in Eq. ͑21͒. The tensors in the elastic terms are expanded according to, e.g.,
where the appearing tensors ͑like k
) have the symmetry of the uniaxial phase and only the lowest-order terms are taken into account.
Obviously, the elastic terms containing only the spatial derivatives of Q u ͑the k
, and K u,0 terms͒ give rise to the 8 uniaxial bulk elastic terms and the 4 uniaxial surface terms ͑see Tables I and II͒. The remaining terms ͑the k
, and K b,0 terms͒ give rise to 5 additional bulk elastic terms, 1 additional antisymmetric surface term, and 2 additional symmetric surface terms; there are no additional chiral terms. Then
where g L,el u is given by Eq. ͑23͒ and g L,el b by TABLE II. Surface terms for the uniaxial nematic phase. The ''uniaxial'' elastic constants S u are functions of the uniaxial order parameter, temperature, and pressure. Near the isotropic phase, the elastic constants can be approximated by the expressions in the last column. The ''isotropic'' elastic constants are functions of temperature and pressure only.
Surface term
The 12 uniaxial bulk elastic constants K u and seven uniaxial surface elastic constants S u are functions of Q 1 (r), T, and p.
The general expression for the elastic free-energy density of the biaxial nematic phase and the three approximate expressions are given in the Tables III and IV. It should be remarked that some of the terms of higher order in Q 2 that are neglected in the uniaxial approximation are included in the indirect isotropic approximation. Within this last approximation they cannot be left out, as they may be of the same order of magnitude as terms of the same order in Q 1 .
IV. SURFACE-INDUCED LIQUID-CRYSTAL ALIGNMENT
In this section the GLGT is used to analyze the relation between the orientation and order of a nematic liquid crystal in the bulk and at the surface. To that end, consider a nematic liquid crystal that fills the infinite half space zу0, bounded by an aligning substrate at zϭ0. We choose the x direction of the laboratory frame along the direction of the alignment at the surface ͑see Fig. 1͒ . The x-y plane is a mirror plane here. For that reason the local orientation of the nematic liquid crystal can be expressed as l͑z ͒ϭ͑ 0,1,0 ͒, ͑36a͒ m͑z ͒ϭ"Ϫsin␣͑ z ͒,0,cos␣͑z͒…, ͑36b͒
where the so-called tilt angle ␣(z) is defined as the angle between the director field n(z) and the surface plane. We assume the nematic liquid crystal to be strongly anchored to the substrate, i.e., the boundary conditions at the surface are fixed,
where we have taken the surface order to be biaxial. In the bulk, the nematic liquid crystal is uniform and uniaxial:
where the prime denotes the spatial derivative with respect to the z coordinate. The GLGT can be used to obtain the tilt angle and the scalar order parameters as a function of z, thereby describing the influence of the surface order (Q 1,s , Q 2,s ) and orientation (␣ s ) on the orientation in the bulk, given by ␣ p ϵ␣(z→ϱ). The Landau free-energy density is given by
where g L,u has the form of the Landau free-energy density of the uniform state and g L,el denotes the elastic free-energy density. Variational calculus leads to the set of coupled Euler-Lagrange equations
The order parameters Q 1 (z) and Q 2 (z) and the tilt angle ␣(z) must be solved from these Euler-Lagrange equations and from the boundary conditions ͑37͒ and ͑38͒. The solution of these equations constitutes a formidable problem as g L,u and the elastic constants appearing in the expression for g L,el are ͑unknown͒ functions of Q 1 (z) and Q 2 (z). However, an approximate analytical solution is quite possible. The starting point of the approximation is the assumption that the difference between the order near the surface and the order in the bulk is small, i.e., the assumption that ␦Q 1 (z) ϵQ 1 (z)ϪQ 1 and Q 2 (z) are small for all z. Then the EulerLagrange equations can be expanded in ␦Q 1 (z), Q 2 (z), and their spatial derivatives and solved up to first order. To that end expressions for g L,u and g L,el up to lowest order in ␦Q 1 (z) and Q 2 (z) are needed.
According to Eq. ͑21͒, the lowest-order expression for
with g bulk the free-energy density of the uniform bulk and A 1 ,A 2 positive constants. The form of the elastic free-energy density g L,el can be obtained from Table III . Surface terms ͑Table IV͒ can be neglected as we have assumed fixed boundary conditions. As the biaxial order parameter is assumed to be small, g L,el can TABLE III. Bulk elastic terms for the biaxial nematic phase. The 36 ''biaxial'' elastic constants can be approximated by linear combinations of either 2, 6, or 13 elastic constants, depending on the approximation that is used.
Invariant
Constant 
͑42͒
The dependence of the uniaxial elastic constants on ␦Q 1 can be neglected, as ␦Q 1 is assumed to be small. Now the Euler-Lagrange equations can be expanded in terms of ␦Q 1 (z) and Q 2 (z). The equations of order zero appear to lead to ␣ 0 Љϭ0.
͑43͒
Taking into account boundary conditions ͑38͒, the zerothorder tilt angle profile follows as
This is hardly surprising, as the Frank free energy, i.e., the elastic free energy in the case of uniform order parameters, is minimized by a uniform director profile. The Euler-Lagrange equations of first order are
The solution to Eq. ͑45c͒ can be expressed as
Now Eqs. ͑45a͒ and ͑45b͒ can be written as
It follows that the scalar order parameters vary according to 
The orientation of the director is determined by the tilt angle ␣, the value of which at the surface ␣ s is usually different from the value in the bulk of the nematic liquid crystal. The latter is referred to as the pretilt angle ␣ p .
where the coefficients a Ϯ are given by
͑50͒
The lengths 1/a ϩ and 1/a Ϫ are of the order of what is usually called the coherence length. The coefficients C 1 -C 4 are given by
with the dimensionless constants
Summarizing, the tilt angle profile up to first order in ␦Q 1 (z) and Q 2 (z) is ␣͑z͒ϭ␣ 0 ͑z͒ϩ␣ 1 ͑z͒
The constant ␣ p must be solved from the following equation, which follows from the boundary conditions ͑37͒:
In the direct isotropic approximation and in the case of small angles ␣ p and ␣ s this result reduces to
which is the same result as that obtained in Refs. ͓16,17͔. We conclude that the nonuniformity of the scalar order parameters in a region with a thickness of the order of the coherence length induces a combined splay-bend deformation of the director field in this subsurface region. For a liquid-crystal layer with a thickness much larger than the coherence length, the director profile seems uniformly tilted with a tilt angle ␣ p . Thus the interaction of the liquid-crystal with the substrate apparently favors the alignment of the director along a preferential axis that makes an angle ␣ p with the substrate. It follows that ␣ p is equal to the so-called pretilt angle, which is an important parameter for liquid crystal display devices. Knowledge of the relation between the pretilt angle and surface properties such as ␣ s , Q 1,s , and Q 2,s , which can be measured using second-harmonic generation ͓15-17͔, might be quite useful.
The obtained result has some relevance to the debate on the surface elastic constant K 13 as well. This elastic constant introduces an artifact in the continuum theory of nematic liquid crystals. A straightforward minimization procedure for the free-energy functional, including the K 13 term, leads to a discontinuity of the director field at the surface ͓35͔. In order to remedy this artifact of the theory Barbero and co-workers introduced a higher-order elastic constant ͓36͔. This procedure results in a variation of the director tilt in a small layer near the surface. The tilt variation over this subsurface layer appears to be given by
with K of the order of the Frank elastic constants. This proposal to remedy the K 13 artifact was subsequently criticized in the literature ͓37͔. A tilt variation close to the surface is also found in the framework of the present GLGT. Moreover, Eq. ͑54͒ for the tilt variation over the subsurface layer is quantitatively similar to Eq. ͑56͒. For this reason the approach of ͓36͔ can be seen as an effective theory for describing the influence of order variations near a surface on the liquid-crystal orientation. As a consequence, K 13 must then be seen as an effective parameter, related to the order variation near the surface and the elastic constants of the underlying GLGT in the following way:
In the direct isotropic approximation ͑see Table I͒ this reduces to K 13 eff ϷK 2 i Q 1 (␦Q 1,s ϪQ 2,s )/3. It follows that K 13 eff is negative for a disordering surface (␦Q 1,s Ͻ0) and positive for an ordering surface (␦Q 1,s Ͼ0), in the case where biaxiality is neglected. Clearly, K 13 eff is not a genuine elastic constant, as it depends on the properties of the substrate with which the liquid crystal is in contact.
V. SUMMARY
The Landau free-energy density and the elastic freeenergy density of nematic and cholesteric liquid crystals with either uniaxial or biaxial symmetry are considered. A tensor analysis is used to find all the terms that are allowed by the symmetries of these liquid-crystalline phases.
The expression for the Landau free-energy density is derived for the isotropic-uniaxial nematic phase transition, the isotropic-biaxial nematic phase transition, and the uniaxial nematic-biaxial nematic phase transition. It appears that a direct isotropic-biaxial nematic transition imposes more severe constraints on the expression for the Landau free-energy density of the biaxial nematic phase than two successive isotropic-uniaxial nematic-biaxial nematic transitions. The expression for the direct isotropic-biaxial nematic transition corresponds to the expression known from the literature. Clearly, this expression is not generally valid.
The same observation holds for the GLGT, which combines Landau theory with elasticity theory. The GLGT known from the literature appears to be an approximation of the more general theory that is investigated in this paper. For biaxial nematic liquid crystals, the well-known approximate GLGT expression, as well as two other approximate expressions, is derived.
Concerning the elastic part of the free-energy density, it is found that uniaxial nematic liquid crystals are described by eight independent bulk elastic terms and four independent surface terms. In the isotropic approximation, the number of bulk terms ͑surface terms͒ is reduced to two ͑two͒. Biaxial nematic liquid crystals, on the other hand, are described by 36 independent bulk elastic terms and 12 independent surface terms. The number of bulk terms ͑surface terms͒ is reduced to 13 ͑7͒ in the uniaxial approximation, to six ͑five͒ in the indirect isotropic approximation, and to two ͑two͒ in the direct isotropic approximation. This last direct isotropic approximation is the approximation corresponding to the GLGT known from the literature As an illustrative example, the theory has been used to calculate the variation in liquid-crystal orientation in a thin layer near a surface due to variations in the nematic order in this subsurface layer. Such order variations are induced by a substrate imposing order to the liquid crystal differing from the thermodynamically stable order. The resulting tilt variation is quantitatively similar to the variation expected to be caused by the surface elastic constant K 13 . However, the effect described here depends on the type of substrate, whereas the tilt variation due to K 13 does not.
